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We propose a pathogen dynamics model with CTL immune response and both
pathogenic and cellular infections. Both actively infected cells and latently infected
cells are incorporated into the model. The infected-susceptible and pathogen-
susceptible infection rates are given by saturated incidence. Three distributed time
delays are considered. The existence and global stability of the equilibria are deter-
mined by two threshold parameters, the basic reproduction number and the CTL
response activation number. The global stability of the three equilibria are proven using
Lyapunov method. We solve the system of delay differential equations numerically
to support the theoretical results. © 2018 Author(s). All article content, except where

otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5079402

I. INTRODUCTION

During the last decades biomathematicians and mathematical biologists have builded and ana-
lyzed various mathematical models of pathogen infection.1–26 These works can help in understanding
the pathogen dynamics within-host and developing drug therapy strategies. Cytotoxic T Lymphocyte
(CTL) cells play a prominent role in pathogen dynamics. CTL cells attack the infected cells so it
work on eliminating or controlling the infection. The first mathematical model describe the effect of
CTL immune response on pathogen infection is presented by Nowak and Bangham2 as:

Ṡ(t)= < � dS(t) � b1S(t)P(t), (1)

Ȧ(t)= b1S(t)P(t) � �A(t) � qA(t)C(t), (2)

Ṗ(t)= n�A(t) � cP(t), (3)

Ċ(t)= rA(t)C(t) � mC(t). (4)

where S(t), A(t), P(t) and C(t) are the concentrations of susceptible cells, actively infected cells,
pathogens and CTL cells, respectively. Parameters <, d and b1 are the production, death and infection
rate constants of the susceptible cells, respectively. Parameters �, c and m are the death rate constants
of the actively infected cells, pathogens and CTL cells, respectively. The actively infected are removed
by the CTL at rate qA(t)C(t) and the CTL are proliferated at rate rA(t)C(t). In model (1)–(4), the
infection rate is given by bilinear incidence which is not reasonable in case of high concentration
of pathogens.27 Therefore, it is reasonable to assume that the infection rate is given by saturated
incidence b1S(t)P(t)

1+�1P(t) , where �1 is the saturated incidence rate constant.27

Several mathematical models have been presented to study the effect of CTL immune response
on pathogen dynamics (see e.g. Refs. 27–31). These models assumed that the infection occurs due to
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pathogen-susceptible incidence. However, it has been reported in Refs. 32–38, that the infection can
also be occured due to infected-susceptible incidence. However, in these works the CTL has been
neglected. Recently, Elaiw et al.39 have investigated the global stability of pathogen dynamics models
with both cellular and pathogenic infections but without considering the latently infected cells.

It is worth stressing that the introduction of delay equations have been widely applied to model
complex systems in biology. Indeed, the introduction of delay terms can be viewed as a first step
towards modeling multiscale dynamics and heterogeneity features in population dynamics.40

In this paper we aim to investigate the global stability analysis of pathogen infection model
with CTL immune response and two transmission routes, infected-to-susceptible and pathogen-to-
susceptible. The infected-susceptible and pathogen-susceptible infection rates are given by saturated
incidence. We consider both actively infected cells and latently infected cells. To account the time
period between the infected cell or pathogen contacts a target cell and the production of mature
pathogen, three distributed time delays are considered. We study global stability of the three equilibria
of the model using Lyapunov method. Numerical treatment of the model is given.

II. THE MODEL

We consider the following pathogen dynamics model:

Ṡ(t)= < � dS(t) � b1S(t)P(t)
1 + �1P(t)

� b2S(t)A(t)
1 + �2A(t)

, (5)

L̇(t)= %
⌅

h1

0
k1(!)e�µ1!S(t � !)

"
b1P(t � !)

1 + �1P(t � !)
+

b2A(t � !)
1 + �2A(t � !)

#
d! � (↵ + �L)L(t), (6)

Ȧ(t)= (1 � %)
⌅

h2

0
k2(!)e�µ2!S(t � !)

"
b1P(t � !)

1 + �1P(t � !)
+

b2A(t � !)
1 + �2A(t � !)

#
d!

+ ↵L(t) � �A(t) � qA(t)C(t), (7)

Ṗ(t)= n�

⌅
h3

0
k3(!)e�µ3!A(t � !)d! � cP(t), (8)

Ċ(t)= rA(t)C(t) � mC(t). (9)

The pathogen-susceptible and infected-susceptible incidence rates are given by b1S(t)P(t)
1+�1P(t) and b2S(t)A(t)

1+�2A(t) ,
respectively. Parts % and (1 � %) with 0 < % < 1 of infected cells are assumed to be latent and active,
respectively. The latently infected cells die at rate �LL(t) and are activated with rate ↵L(t). We
assume that the pathogens contact the susceptible cells at time t � ! become latently infected and
actively infected at time t, where ! is taken from probability distribution functions k1(!) and k2(!),
respectively. Moreover, we assume that immature pathogens at time t � ! become mature at time t,
where! is taken from probability distribution functions k3(!). kj(!)e�µj! j = 1, 2, 3 is the probability
of the cells and pathogens survival during the delay periods. The parameter hj is limit superior of
delay period. Functions kj(!), j = 1, 2, 3, are assumed to satisfy

kj(!)> 0,
⌅

hj

0
kj(!)d! = 1,

⌅
hj

0
kj(!)e`!d! <1, where ` > 0.

Let ⇧j(!)= kj(!)e�µj! and ✏ j =

⌅
hj

0
⇧j(!)d!, j = 1, 2, 3, thus 0 < ✏ j  1.

The initial conditions of (5)–(9) are given by:

S(⇠)= 1(⇠), L(⇠)= 2(⇠), A(⇠)= 3(⇠),

P(⇠)= 4(⇠), C(⇠)= 5(⇠),

 j(⇠) � 0, ⇠ 2 [�, 0], (10)

 j 2C([�, 0],R�0), j = 1, . . . , 5,


